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Abstract 
 
In this work, a drop-weight tower setup and a modified split Hopkinson pressure bar 
(SHPB) are used to dynamically load one- (1D) and two-dimensional (2D) arrays of disks in 
contact. The disks are made of aluminum 6061 T6 and are selected because of their rate-
independence, thus allowing static contact force-displacement laws to be used in the dynamic 
case. Although differing considerably between each other, the loading magnitudes in the drop 
tower and SHPB setups, 2 kN to 30 kN respectively, cause the arrays to deform plastically at the 
contact points between disks where stress concentrations exist. This allows for elasto-plastic 
wave propagation to be studied in ordered 1D and 2D elasto-plastic arrays. Additionally, the 
loading pulse durations from the two experimental setups are sufficiently different that the effect 
of the loading time can be studied. The drop tower load times are of the order of ms and are 
much longer than the solitary wave duration, while the SHPB time scales are in the µs regime 
and are comparable to the solitary wave time scales. Imaging techniques are also used to capture 
the deformation process and post mortem residual strains. The wave speed is seen to be 
dependent on force and ranges between 1000 and 2000 m/s. It was also found that there was not 
a monotonic relationship with respect to force in the drop tower setup, but there was decreasing 
force and yielding along the 1D disk chain in the SPHB. The difference was attributed to the 
longer time scales involved in the drop tower experiments. This research is the first to investigate 
the propagation of elasto-plastic waves in 1D and 2D arrays of disks and will form the basis of 
subsequent studies. 
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Chapter 1 : Introduction 
 
1.1 Background and Motivation 
 
A random structure granular medium, such as sand, grains, or beads, is composed of 
discontinuous or discrete particles that interact with each other through mechanical contact in a 
random geometrical arrangement. As a consequence of this interaction granular media behave 
differently than continuous materials. Depending on the contact properties between granules, 
ordered granular media, in which the granules are arranged in regular geometric shapes, exhibit 
many interesting phenomena such as tunability (Daraio et al., 2006) and wave-tailoring (Leonard 
et al., 2011).  
When two spheres come into contact, they create a force between them over a small portion 
of the surface at the contact point (Johnson, 1985). In the elastic case, this contact can be 
described by a Hertzian potential based on the following assumptions: (i) the radii of curvature 
of the contacting bodies are much larger than the contact region size, (ii) the dimensions of each 
body are sufficiently large when compared to the contact region radius such that the indentation 
stresses and strain are independent of the changing geometry, and (iii) there is no friction at the 
contact. Even under elastic compression (contacting spheres cannot bear a tensile load) the 
contact is intrinsically nonlinear, in that, even at small forces, there is no linear portion of the 
force-deformation relation. Consequently the nonlinear behavior leads to a sonic vacuum and, as 
soon as a compressive force is applied, a solitary wave arises (Lazaridi and Nesterenko, 1985). 
Two spheres in compression are shown in Figure 1.1 with the typical parameters describing the 
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system being the applied force, F, the radii of the beads, R1 and R2, the deformation, δ, and the 
contact width, 2a. 
 
 
Many researchers, such as Rossmanith and Shukla (1981), have investigated the wave 
propagation in a random array of irregular granules to model soil mechanics. However, studies 
 
 
 
Figure 1.1. Relevant parameters of two spheres in compression (Wang et al., 2012a). 
 
Figure 1.2. Random array with irregular granules (Rossmanith and Shukla, 1981). 
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have been conducted on ordered arrays of regularly shaped granules as well, in an attempt to 
understand the mechanics behind these ideal systems and to recreate other systems that will have 
repeatable results. In one-dimension (1D), both homogenous chains and heterogeneous dimer 
chains have been studied by Shukla and Damania (1987) and Wang et al. (2013), among others, 
and such chains are shown in Figure 1.3.  
 
 
Figure 1.3. 1D ordered chains (a) 1D disk chain (Shukla and Damania, 1987) (b) 1D 
dimer chain (Wang et al., 2013). 
 
There have been several investigations into granular media in two-dimensions (2D) by 
Shukla et al. (1990), Coste and Gilles (2003), and Leonard and Daraio (2012), among others. 
These researchers have investigated rectangular packings, rectangular packings with intruders, 
and hexagonal packings. Examples of such configurations are shown in Figure 1.4. The wave 
propagation behavior of each of these assemblies is discussed in Section 1.3. It is worth noting 
that Goddard (1990) found that 2D structures start deviating from 1D behavior on account of the 
randomness that is introduced from diameter tolerances. Thus many of the authors previously 
mentioned take steps to reduce the effects of randomness by stacking the granules vertically or 
by slightly tilting a horizontal setup so gravity removes any gaps, or by using walls that exert a 
minimal force on the setup to reduce gaps. 
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Figure 1.4. 2D ordered arrays (a) Rectangular bead with intruders (Leonard and 
Daraio, 2012) (b) Hexagonal bead array (Coste and Gilles, 2003) (c) Rectangular disk array 
(Shukla and Damania, 1987) (d) Hexagonal disk array (Shukla and Damania, 1987). 
 
An attempt to understand these materials at higher loads is necessary if the materials are to be 
used in applications with high loads, such as armor or other protective casings. Plasticity 
introduces material nonlinearities into the system that alter the formation of stress waves when 
compared to an elastic analysis as shown in the 1D experiments of On et al. (2013). The goal of 
this research is to analyze the wave speed and force within 1D and 2D arrays of disks under 
different loading conditions. 
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1.2 Contact Laws 
 
The elastic contact between two elastic disks is described below where the force is linearly 
proportional to the indentation depth: 
  = 4 	∗ (1.1) 
 
1
	∗ =
1 − 	 +
1 − 	  (1.2) 
where F is the applied load, E is the elastic modulus, L is the length, d is the indentation depth, 
and ν is the Poisson’s ratio.  
Although both disks and beads have stress concentrations at their respective contact points. 
Disks have line contacts while spheres have point contacts, which leads to disks exhibiting a 
linear force-deformation relation, while spheres exhibit a nonlinear force-deformation relation 
(Popov, 2010). The two relationships are graphed schematically in Figure 1.5. Both Eqs. 1.1 and 
1.3 are only applicable in compression and up to the elastic limit. They also assume perfectly 
smooth surfaces, homogenous materials, and no frictional forces within the contact area (Hertz, 
1882). 
  = 43	∗∗  (1.3) 
 
1
 =
1
 +
1
 (1.4) 
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Figure 1.5. Comparison of power law of spherical contacts and the linear law of disk 
contacts. 
 
The difference between the contact areas of a line contact and a point contact is shown in 
Figure 1.6. It is seen that a disk will have a rectangular yielded area whereas a sphere will have a 
circular yielded area.  
 
 
Figure 1.6. (a) Rectangular deformed area of a disk with diameter 12.7 mm (b) Circular 
deformed area of a bead with 9.5 mm diameter (Wang et al. 2012a). 
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1.3 Wave Propagation in Granular Material 
 
Elastic stress wave propagation in a 1D chain of beads has been extensively studied over the 
past two decades (Kevrekidis, 2011). Due to the nonlinear contact between beads, only a solitary 
wave will be generated in the bead chain. A solitary wave generally takes five bead diameters to 
develop and depends on the maximum input force as well as the material properties and size of 
the bead. It has been found in 1D that the solitary wave velocity scales as /  (Coste et al. 
1995). On et al. (2013) explored solitary waves when the bead chain is plastically deformed and 
observed that, while different from the elastic solitary wave, a plastic solitary-like wave does 
exist. 
Bead packings have also been explored in 2D. Awasthi et al. (2012) conducted a numerical 
study of a rectangular packing and found that solitary waves propagate in the medium. Awasthi 
et al. (2012) further complicate the problem by including spherical intruders at the interstitial 
locations and find that a 2D solitary wave is present when there is a low mass ratio between the 
intruder and granule and a high stiffness ratio between the intruder and granule, as shown in 
Figure 1.7.  
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Figure 1.7. (a) Anisotropic solitary wave-like pattern (b) Quasi-isotropic solitary wave-
like pattern (Awasthi et al., 2012). 
 
Leonard et al. (2011) experimentally investigated a rectangular packing and found that an 
impulsive excitation was resolved into solitary waves traveling down the initially excited chains 
(see Figure 1.8).Furthermore, the imperfections in the experimental setup did not interfere with 
the development of the solitary waves and the waves appeared comparable to 1D solitary waves. 
There has yet to be an extensive experimental investigation into solitary waves in a 2D array that 
is loaded plastically. 
 
Figure 1.8. (a) Rectangular array with sensors at indicated locations (b) Experimental 
and numerical data at corresponding locations (Leonard et al., 2011). 
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Wave propagation in disks has been extensively studied in the elastic regime in the body of 
work by Shukla and co-workers. For disks, the wave velocity initially increases with larger disk 
diameters, but then asymptotically approaches a constant velocity. The constant velocity is 
around 40-50% of the wave velocity in a solid bar of the same material (Xu and Shukla, 1990). 
The wave is dependent on the ratio of the wavelength to the disk diameter. Thus for relatively 
large wavelengths, there are more contacts within the wave pulse, so the stiffness of the chain is 
reduced and the wave speed increases (Xu and Shukla, 1990). Shukla and Damania (1987) 
explored wave propagation in disks in rectangular and hexagonal packings (see Figure 1.4 c and 
d). It was discovered that wave propagation occurred along definite load-transfer paths called 
primary chains and secondary chains. The primary chains experienced negligible friction at the 
contacts, while the secondary chain experienced friction at the contacts. Additionally it was 
discovered that the load transfer paths and the magnitude of the contact forces depended on the 
angle made by the normals of contacting granules (see Figure 1.9). When the angle was acute, 
there was no load transfer. Similar to a 1D chain of disks, peak contact loads decayed as the 
propagation distance increased. Wave attenuation was dependent on the number of granules in 
contact and the inclination of the granules with respect to each other. Finally, it was found that 
hexagonal arrays attenuated the wave more severely than the rectangular packing.  
Shukla and co-workers’ works remained in the elastic regime so that photoelasticity could be 
employed. To our knowledge, to date, there have been no works on plastic wave propagation in 
an array of disks.  
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Figure 1.9. Included angle made by normals drawn from the center of granules to the 
contact point (Shukla and Damania, 1987). 
 
Zhu et al. (1997) compared a 1D chain of spheres and a 1D chain of disks and found multiple 
differences in the wave propagation behavior. Wave speeds are generally higher in a chain of 
disks than a chain of the same length of spheres while both chains behave similarly with 
increasing input pulse length. The waves in disks undergo very little dispersion whereas there is 
significant dispersion in spheres, which is due to the greater number of internal reflections in 
spheres than in disks. Finally, spheres attenuate the peak contact load much more rapidly than a 
similar chain of disks.  
 
1.4 Objectives and Outline 
 
The following experimental investigations seek to describe wave propagation in disk arrays 
when material nonlinearity, in the form of plasticity, is present. An assembly of disks constitutes 
a two-dimensional analogue of granular materials and allows for inspection using 2D 
visualization techniques, strain gages, and piezoelectric sensors.  
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Yielding will occur at relatively small loads because of the stress concentrations at the 
contact areas. While any practical application of these materials will involve loads that induce 
yielding, most of the work in the literature remains in the elastic regime when investigating disk 
arrays. The specific objectives of this work are: 
• To analyze the wave propagation and force evolution in the plastic regime in 1D and 2D 
disk arrays. 
• To compare the wave speeds’ dependence on loading pulses. 
• To visualize real time and post mortem deformation fields within the disk assemblies. 
Several experiments were conducted to accomplish the above objectives. Chapter 2 describes 
the experimental techniques used to load the disk arrays, to obtain data from the experiments, 
and the methods used to analyze the data, as well as the materials tested. Chapter 3 discusses 1D 
and 2D disk arrays subjected to long loading times via a drop weight tower. Chapter 4 examines 
the effect of shorter loading pulses induced via a split Hopkinson pressure bar on 1D arrays of 
disks. Chapter 5 summarizes the conclusions from this work and suggests future endeavors 
related to this thesis.  
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Chapter 2 : Experimental Approach 
 
In order to investigate the response of granular media under a wide range of loading 
conditions, a variety of experimental techniques was used in this work. The loading techniques 
are such that either very long loading times compared to the transit time of an elastic solitary 
wave across one disk (loading time ranging between 1-2 ms) or moderate loading times (ranging 
from 50-100 µs) were generated – the former using a drop weight tower device, the later using a 
split-Hopkinson Pressure Bar (SHPB). An experimental set-up is also in development (Wang et 
al., 2012b) that can provide loading times closer to impulsive loading, i.e., smaller than the 
solitary wave transit time across one disk, but this is not a focus of the current work. 
 
2.1 Specimen preparation 
 
 The main reason for selecting disks was that, similar to the work of Shukla and Damania 
(1987), disks lend themselves for optical and other in situ mechanical measurements since they 
have flat surfaces. Whereas Shukla and Damania (1987) aimed to remain in the elastic regime for 
their photoelastic study of disk contact, here we are interested in much higher loads that will 
induce extensive plasticity at the disk contact points. 
The disks used in the present experiments were made from aluminum 6061 T6 and had a 
diameter of 12.7 mm and a thickness of 6.35 mm. Maiden and Green (1966) showed that 
aluminum 6061 T6 is rate insensitive for the strain (less than 1%) and strain rate range (10-1/s to 
103/s) that this study considers, as illustrated in Figure 2.1. Rate insensitivity is important to the 
study since several different loading conditions were applied to the array of disks. A rate 
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sensitive material, such as copper for example, would incorporate another variable (namely, 
strain rate) into the study and complicate the analyses. Wang et al. (2013) demonstrated that the 
contact law between rate insensitive granular materials is also insensitive, as shown in Figure 2.2 
for aluminum 2017. Thus it is expected that the results in the present work with Al 6061 T6 will 
depend only on the loading magnitude and duration.   
 
 
Figure 2.1. Strain insensitivity of aluminum 6061 T6 (Maiden and Green, 1966). 
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Figure 2.2. Force-deformation contact law between two beads made of the rate 
insensitive material aluminum 2017. Notice that the contact law is also rate insensitive      
(Wang et al., 2013). 
 
The disks were machined from precision-ground 1.83 meter-long rods by either the in-
house Aerospace Machine Shop or the company Direct Metals (http://www.directmetals.com). A 
half-disk was used in some of the experiments, which was made by cutting a disk along the 
diameter and perpendicular to the disk’s face, as shown in Figure 2.3. During a loading event, the 
stress along the flat contact of the half-disk is significantly less than the stress along the curved 
contact. Therefore a polyvinylidene fluoride (PVDF) piezoelectric film sensor (described later) 
could be placed between the flat contact of the half-disk and another flat surface without risk of 
puncture. Additionally, the flat contact allows the disks to easily be mounted into a quasi-static 
load frame. The film sensor and quasi-static load frame will be discussed in Sections 2.2 and 2.4, 
respectively. 
15 
 
 
Figure 2.3. Images of aluminum 6061 T6 (a) disk and (b)half-disk. 
 
2.2 Drop Weight Tower 
 
An Instron Dynatup Minitower Drop Weight Impact Testing System was used to 
dynamically load 1D and 2D ordered arrays of aluminum disks. A schematic outlining the 
principal components of the drop weight tower is shown in Figure 2.4. A loading head of 
variable mass (1.1 kg to 4.2 kg) was released from a specified height (up to 445 mm) and fell 
along guide rails until it impacted the disk array. The loading head is equipped with a custom, 
non-instrumented, flat-face tup of hardened steel with a radius of 8.02 mm. The tup strikes an 
intermediate striker bar (ISB), which is in contact with the disk array, as shown in Figure 2.4 and 
more closely in Figure 2.6. 
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Figure 2.4. Drop Weight Tower Schematic 
 
The ISB is used to transfer the load from the tup to the disk array in a somewhat repeatable 
fashion by avoiding the variability that would be caused in precise impact conditions every time 
the dropping tup radius would contact the first disk.  
Figure 2.5 shows a schematic and detailed image of the ISB. The top of the ISB has a 
circular cross-section which is the same shape and area as the tup. The bottom of the ISB has a 
quasi-rectangular cross-section that has the same thickness as the disk. The width of the ISB is 
such that it will only be in contact with one disk. A typical experiment consisted of the ISB being 
placed on top of, and in contact with, an extra disk on top of the array before the experiment was 
conducted (see Figure 2.6). The ISB and disk were centered such that this disk was in contact 
with two disks below it in order to accomplish symmetric loading. Additionally, the tup and ISB 
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were aligned by manually placing the tup on top of the ISB to determine if the cross-sections 
were centered. Although some weight was resting on the array, this alignment process did not 
cause the disks in the array to yield. Ultimately the ISB helped provide symmetric and repeatable 
loading conditions. 
 
 
Figure 2.5. Intermediate stiker bar (a) Schematic with dimensions (b) Actual image. 
 
 
 
Figure 2.6. Intermediate stiker bar in contact with disk array. 
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A custom load frame (shown schematically in Figure 2.7) made of hardened steel was 
used. The frame could be adjusted to accommodate either a 1D chain of disks or 2D rectangular 
or hexagonal array of disks, the latter two illustrated in Figure 2.8. Because of the action of 
gravity, stacking the disks vertically reduced the possibility of gaps in the vertical direction and 
eliminated any friction with a substrate as would be the case in a horizontally placed array set-up. 
The load frame consists of a base, two external walls located at the edges of the base, and a 
movable wall located between the external walls. If the walls tilt, there will be an uneven 
confining force (i.e. precompression), so it is important that all of the walls stay perpendicular to 
the base. Daraio et al. (2006) demonstrated that precompression affects the wave propagation 
behavior in stainless-steel and PTFE (polytetrafluoroehylene) beads, so the precompression may 
affect an array of disks. Accordingly, both the left and right walls were fixed to the base via a 
screw through the base and into the bottom of the walls.  
To further maintain the orientation of the walls, four guide rails where placed along the 
corners of the walls. The tolerance of the guide rails is less than 0.127 mm. The guide rails are 
also necessary to make sure the moveable wall doesn’t tilt since the moveable wall cannot be 
bolted to the base. A screw that is threaded through an outer wall and ends in a blind hole in the 
moveable wall allows the system to be adjusted. This adjustable screw has a neck with a 
narrower cross-section before the blind hole. The neck allows a clasp to be mounted to the 
adjustable screw and moveable wall, which enables the movement of the moveable wall. The 
tolerance of the thread and the forces involved are such that the moveable wall remained rigid, 
which allowed the disk confinement to remain constant. The load frame confined the disks to a 
single plane with two acrylic walls and the separation between these two walls is 6.353 mm. 
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Acrylic, as opposed to a more rigid material, was used to enable the use of imaging techniques. 
The top of the disk array was not confined.   
The vertical height of the load frame was fixed by the height of the drop weight tower’s 
base and, thus, the drop weight tower itself would have to be modified to enable a taller load 
frame.  
 
 
Figure 2.7. Custom load frame schematic. 
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Figure 2.8. Hexagonal and rectangular disk arrays. 
 
Since the height of the load frame was limited, the height of the array was also limited to 10 
disks (or in some cases, 10.5 disks). The arrays tested are shown in Figure 2.8 with the 
rectangular array being 9 disks wide and 10 disks long, and the hexagonal array 10 disks long 
with alternating rows of 8 and 9 disks. Actual images of the drop tower, tup, ISB, and load frame 
are shown in Figure 2.9. 
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Figure 2.9. Drop weight tower setup (a) View of entire tower with disk load frame at 
bottom (b) Steel tup (c) Intermediate stiker bar (d) Intermediate striker bar in contact with 
a 1D disk array. 
 
A custom-made velocimeter was used to trigger the data recording instruments in the 
system (described later in this chapter). The velocimeter consisted of two infrared 
emitter/detector pairs. When the signal between the first emitter/detector pair was interrupted by 
the falling loading head, the change in voltage triggered the oscilloscopes to begin recording. A 
schematic of the sensor, made by Dr. Erheng Wang, is shown in Figure 2.10(a) and its 
connections are shown in Figure 2.10(b). Such a velocimeter proved to be the most reliable 
trigger compared to a strain gage placed on either the ISB or the first disk. Whereas the 
velocimeter consistently triggered the measurement system, the strain gage may trigger early due 
to noise or may not trigger the system at all if the gage was broken. With the velocimeter 
connected to any oscilloscopes that were being used, it was possible to synchronize the signals 
from several oscilloscopes, thus providing a common scale for numerous recordings of strain 
gage data and PVDF data. 
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Figure 2.10. Velocimeter (a) visualization of the triggering system (b) Schematic of 
emitter circuit (top) and detector circuit (bottom). 
 
Strain gages (Vishay Micro-Measurements C21-13-250LW-350) were placed at the 
centers of select disks within the granular array to determine the arrival time of the wave and to 
measure the force within a particular disk. Similar to Xu and Shukla (1990), the difference in 
arrival times between disks was used to calculate the wave speed between two disks. The strain 
gages were connected to a signal conditioner which amplified the voltage. An Agilent 
Technologies Digital Oscilloscope recorded the voltages. The entire loading event recording 
after a drop tower impact is on the order of 2 ms. More discussion of the time scale of loading 
and its relation to the waves generated within the arrays will be given in Section 3.2.  
From the recorded voltage histories, the strain along the loading direction of a gage is 
measured through Eqn. 2.1: 
 
 = 4	 
( 	" # $1 + 2	 "	 &'
 (2.1) 
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where, V is the recorded voltage from the experiment, Vex is the excitation voltage of the 
Wheatstone bridge, G is the gain of the amplifier, and F is the gage factor of the strain gage. 
Keep in mind that a strain gage does not capture any off-axis strains and may not be perfectly 
vertically placed because of experimental error or bead rotation. However, pictures of the 
instrumented disks in the setup before each experiment indicate that the off-axis component is 
below five degrees in all cases, much less in most.  
The elastic dilatational wave speed in aluminum 6061 T6 is 5060 m/s (Maiden and Green, 
1966). For a single disk with a diameter of 12.7 mm it takes about 2.5 µs for the elastic wave to 
cross the disk. For homogenization, 3-5 reflections are required (Ravichandran and Subhash, 
1994). Therefore, at most, the time for homogenization is about 15 µs, which is less than 0.6% of 
the loading event (~2.5 ms) in the drop weight tower. The loading time is also much more than 
the transit time of a wave along the entire chain (about 25 µs), and therefore the results seen in 
this experimental configuration represent the long time response of the granular systems. 
In addition to strain gage measurements, piezoelectric film sensors made of 
polyvinylidene fluoride (PVDF) are placed along the edges of an array, such as between the 
bottom disk and the load frame, to provide additional wave speed information through recordings 
of wave arrival times. The PVDF sensors were connected to a Tektronix 540B oscilloscope via a 
custom-made resistor that reduced their signal by 100 times. The circuitry behind the custom 
made resistor is shown in Figure 2.11 and was made in collaboration with Dr. Erheng Wang. The 
PVDF sensors are Meas-Spec PZ-01 sensors and were purchased from ImagesCo 
(http://www.imagesco.com/). It is important to note that PVDF can only make high-frequency 
measurements and thus cannot measure static loads. If the loading time is too long, as is the case 
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with quasi-static loading, the sensor discharges. The PVDF sensors could not be made to 
calibrate the force to a sufficient accuracy, but the calibration procedure is demonstrated in the 
Appendix.  
 
 
Figure 2.11. PVDF sensor (a) Image of sensor (b) Resistive circuit schematic. 
 
 
2.3 Split Hopkinson Pressure Bar 
 
A split Hopkinson pressure bar (SHPB) is a tool that is primarily intended to 
experimentally characterize the mechanical response of materials deformed at high strain rates 
(102/s to 104/s). The use of a SHPB to investigate plasticity in granular media was first explored 
by On et al. (2013). Here, a similar approach was taken and was motivated by the much shorter 
loading time scales the SHPB offers. The SHPB loading event is approximately ten times shorter 
than the drop tower experiments (~ up to 250 µs) and is comparable to the transit time of waves 
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along the granular chain. Thus, as discussed in Sections 3 and 4, different characteristics are 
observed in the SHPB experiments compared to the drop tower ones.  
A schematic of the SHPB setup in its traditional role is shown in Figure 2.12. The 
primary components are the gas gun, the incident bar, and the transmitter bar. When a projectile 
launched from the gas gun impacts the incident bar a compressive pulse is generated that travels 
down the incident bar until it reaches the sample, at which point part of the pulse is reflected and 
the remainder is transmitted into the sample. A portion of the pulse makes it through the sample 
and into the transmitted bar. Strain gages located on the incident and transmitted bars, which 
always remain elastic, record the incident compressive pulse, the reflected pulse, and the 
transmitted pulse. Note that two strain gages were placed on diametrically opposite sides of the 
incident and transmitted bars to account for any bending. One-dimensional elastic wave theory 
enables the calculation of the input force (Pin) into and the output force (Pout) from the sample 
through:  
 ()(*+ = 	),-[/(*+ + 0(*+] (2.2) 
 (234(*+ = 	45)-6(*+ (2.3) 
 
Figure 2.12. SHPB schematic. 
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where εI, εR, and εT are the incident, reflected, and transmitted strains, respectively, obtained 
from Eqn. (2.1). The cross-sectional area of the two bars is A (12.7 mm), the elastic modulus of 
the C350 maraging steel incident bar is Einc (200 GPa), and the elastic modulus of the aluminum 
2017 transmitted bar is Etrans (69 GPa). The incident bar is subjected to higher forces than the 
transmitted bar and is accordingly made of a stronger material to prevent plastic deformation. 
Similarly, the force that is transmitted through the sample is much smaller than the incident force 
and thus a more compliant material improves the signal that is received from the strain gage on 
the transmitted bar. The length of the bullet, incident bar, and transmitter bar used in the SHPB 
experiments were 50.8 mm, 1.83 m, and 2 m, respectively. Additionally the bullet was made of 
C350 maraging steel and had the same cross-sectional area of the incident bar. The strain gages 
on the incident and transmitter bars are Vishay Micromeasurement model EA-06-250BK-10C. 
The strain gages were connected to a signal conditioner which amplified the voltage that was 
recorded on a digital oscilloscope. 
In these experiments, a custom load frame held seven disks (the maximum permitted by 
the load frame) in a single row.  The incident bar transmitted force to the chain via a connector 
rod. Likewise, the disk chain transmitted force to the transmitter bar via another connector rod. 
Two configurations were used in the SHPB and are illustrated in Figure 2.13. The first involves 
PVDF sensors at the start and end of the chain and strain gages on the fourth, fifth, and sixth 
disks. The second setup involves only PVDF sensors located before the first disk, after the third 
disk, and after the final disk. Figure 2.14 shows that the disks are laterally confined by two walls 
that are rigidly held by adjustable screws and that there is no out-of-plane confinement.  The 
disks lie on a Teflon sheet and the system is well lubricated to avoid frictional effects.  
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Figure 2.13: Schematic of SHPB setups (a) PVDF and strain gage setup (b) PVDF 
only setup. 
 
 
 
Figure 2.14. SHPB images. (a) Note the confinement and the connector rods that 
transmit force between the Hopkinson bars and the disk array (b) Instrumented setup. 
 
The arrays shown in Figure 2.14 were loaded at 20 PSI and 40 PSI which correspond to incident 
peak forces of 25 kN and 45 kN, respectively. As was the case with the drop tower, the PVDF 
enables wave speed calculations, while the strain gages allow for force and wave speed 
calculations. 
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2.4 Digital Image Correlation 
 
Digital image correlation (DIC) is a process by which displacements are measured by 
comparing a digital image of a random speckle pattern on the surface of the deformed 
configuration of a solid object to an image of the same speckle pattern in the undeformed, or 
reference, configuration. The correlation is done by partitioning the reference image into subsets. 
A software suite, in this case Vic 2D by Correlated Solutions Inc., determines the change in 
location of the pixels from one subset in the reference image to the deformed image. This is 
repeated for all subsets in the reference image. In this manner it is possible to determine the local 
displacements and strains of a deformed state. The strain resolution within the deformed image is 
dependent on the size of the subset. If the subset size is too small, the images will not correlate 
since the subset cannot be uniquely located. Larger subsets will result in coarser strain 
information. In the following experiments, an artificial speckling pattern was applied by coating 
the face of a disk with white paint and then applying black speckles via a spray paint can or  an 
airbrush. This was in fact a key reason for choosing disks rather than beads in this work. A black 
speckle pattern was used to offer maximum contrast with the white background. Two different 
pattern application methods were used. In both cases, the disks were placed in a glove box and 
coated with white paint via a spray paint can and then the disks were allowed to dry. For coarser 
patterns, the disks were left in the glove box and the speckle pattern was applied by misting 
black spray paint over the samples. For finer patterns, the disks were removed from the glove 
box and an airbrush was used to apply the paint. The spray paint was mixed with acetone prior to 
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being placed in the air brush. This was meant to thin out the paint which is appropriate for 
airbrush applications. 
Three unique speckle patterns and subset combinations were used depending on 
experimental configuration. Before each experiment, baseline tests, consisting of correlating two 
pictures of a sample in an identical configuration with no displacement, were conducted similarly 
to Carrol et al. (2010) for each combination to determine the accuracy of the method. As there is 
no actual displacement in these experiments, any measurement that the DIC analysis computed 
was the base noise associated with the speckle pattern, camera system, and subset size 
combination. Since the DIC method was used in three different situations which are described in 
detail below, baseline values for each are quoted subsequently.  
DIC was used in three different ways: to obtain a global force-displacement measurement 
from static compression experiments, for dynamic in situ imaging experiments recorded in real 
time through high speed photography, and in ex situ experiments conducted post mortem to 
measure residual plastic strains. The purpose and execution of each method is described below. 
  
2.4.1 Global Force-Displacement Relation Measurement 
A force-displacement relation between two aluminum 6061 T6 disks valid up to the 
maximum loads experienced in the drop tower and SHPB experiments (up to 8 kN) was desired 
in order to characterize the contact effect and to convert global strain gage readings to disk 
contact force. To obtain the force-displacement relation, two half-disks were speckled and placed 
into an Alliance RT/30 MTS quasi-static load frame, as shown schematically in Figure 2.15. For 
determining the global force-displacement relation, the MTS machine loaded the disks in 
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compression at 0.1 mm/sec. The two aluminum half disks were placed between two platens made 
of steel, as shown in Figure 2.16. 
 
Figure 2.15. Two half-disks in load machine; arrow denotes loading direction. 
 
 
Figure 2.16. (a) MTS Alliance RT/30 load machine. Disks are located in the dashed red 
circle. (b) Close up of unspeckled disks, shown here with lubrication to provide frictionless 
compression. 
 
A ProSilica GX camera was used to image the disks as they were loaded. The camera had 
an exposure time of 11 ms and acquired pictures at 10 Hz, which was the same sampling rate as 
the MTS software for applied load. The camera was manually triggered at the same moment the 
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loading started, so it was possible to synchronize the load data from the MTS software and the 
acquired images.  
The global disk center-to-center displacement, commonly used to define the load-
displacement contact “law”, was determined by averaging the DIC-measured displacement in 
two regions of interest: one along the top edge of the top disk and the other along the bottom 
edge of the bottom disk, as shown in Figure 2.17, by the red and purple boxes. These two regions 
were selected since they are furthest from the contact region and will not yield. The average 
vertical displacement,  7 , of the top disk was determined by summing all of the vertical 
displacements, V, along a line and then dividing the sum by the total number of components, n. 
The same procedure was used to determine the average displacement of the bottom disk. The 
average global displacement was then found by subtracting the average displacement of the 
bottom disk from the average displacement of the top disk. 
 
Figure 2.17. Regions of interest – yellow line denotes the measured displacement.  
  
The above DIC analysis used a subset size of 11 x 11 and a step size of 1. The average noise 
associated with this choice of subset and speckle pattern is 0.8 µm for horizontal displacement 
and 0.2 µm for vertical displacement. As mentioned previously, the noise is calculated by taking 
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two pictures of the sample in identical states (i.e. no displacement or rotation). Thus, if the DIC 
were perfectly accurate a displacement of 0 mm would be observed.  
 
2.4.2 Dynamic DIC 
DIC also enabled in situ measurements of the disk displacement during dynamic loading 
in the drop weight tower only. In situ measurements provide the displacement of each disk 
within the field-of-view of the camera allowing visualization of a travelling stress wave in a 
particular array. A Photron SA4 was used to take high speed images of the disk array at rates 
ranging from 50,000 frames per second (fps) to 100,000 fps and exposure times ranging from 8 
to 16 µs. The resolution of the images decreased as the frame rate increased, for instance the 
resolution at 50,000 fps was 512 x 272 pixels and the resolution at 100,000 fps was 320 x 192 
pixels. Thus, in some cases, especially with 100,000 fps, it was necessary to reduce the field of 
view to maintain a resolution that could be correlated. 
The disks within the camera field-of-view were speckled directly with a spray paint can 
and placed into the array as shown in Figure 2.18. The drop tower loading head was released at 
the same time the camera was manually triggered. Since deformation is assumed to be 
homogenous with each disk at the contact time scales, and since the DIC resolution does not 
allow us to resolve the details of the strain field around a specific contact location, only one 
subset, of size 25x25, was placed around the center of each disk (see Figure 2.19) in the array to 
determine the center point displacement of that particular disk. With the displacement data as a 
function of time, it was possible to create displacement vectors and superpose them on the disks 
to determine visually the evolution of deformation.  
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Figure 2.18. Speckled disks in a rectangular array. 
 
 
Figure 2.19. Region of interest consisting of a single subset in the center of a disk. 
 
 As with the other patterns, a baseline test was performed to determine the inherent noise 
of the pattern and subset size combination and the results showed that the average noise in the 
horizontal and vertical directions was 1.3 µm and 6.4 µm, respectively. 
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2.4.3 Ex Situ Measurements 
 Another measurement performed by DIC was to obtain the spatial extent of plastic strain 
at the contact points in a 2D array as a function of distance from the impact point. The size of the 
plastic zone demonstrates in one sense how rapidly the stress wave energy decays and also has 
the potential to be an important benchmark with non-discrete materials. Since these 
measurements seek to determine the strain field details at a single contact point, a much finer 
speckle pattern than before is needed. A fine speckle pattern was applied to a chain of disks with 
an airbrush rather than spray paint. Before loading, an Olympus microscope captured images at 
4x magnification at the contact points of all the disks in a given array. Multiple pictures, an 
example of one of which is shown in Figure 2.20, were taken over each contact region to ensure 
a high resolution measurement of the strain field as described in Carroll el al. (2010). The disks 
were then impacted in the drop weight tower as described above in Section 2.2. After impact, 
post mortem pictures of the disk contacts were again taken in the microscope and were compared 
to their respective reference (undeformed) images using the VIC 2D software. The resulting 
strain contours were then stitched together manually to form a higher resolution strain 
measurement around the contact areas, as demonstrated in Figure 2.21. By performing these 
measurements over an entire 2D array, it was possible to see how the yielded area evolved with 
distance from the load point. As these are very labor intensive experiments, only a small number 
were performed in this work and their results are discussed in Section 3.2. 
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Figure 2.20. One region of the contact area. Multiple images of each contact were taken 
to give high resolution. 
 
Figure 2.21. Four individual images of the strain contour are manually stitched together 
by overlapping common features of any two adjacent images. 
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Finally, a baseline test was performed to determine the inherent noise of the pattern and 
subset size combination and the results showed that the average noise was 0.0012% strain in both 
the vertical and horizontal directions. 
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Chapter 3 : Drop Tower Experiments 
 
The Instron Minitower Drop Weight setup was used to investigate wave propagation in 
1D and 2D arrays of disks. The drop weight tower subjected the arrays to long loading times 
(~2ms). As shown in Shukla et al. (1993), loading times with pulses longer than four disk 
diameters allows a portion of the transmitted signal to increase in amplitude during the initial 
phases of propagation due to waveform dispersion.    
 
3.1 Force Measurement Procedure 
 
3.1.1. Force Displacement Curve 
A force-displacement relation between two disks when plastic deformation occurs, 
similar to the elastic Hertz “law”, is desirable in order to be able to (a) extract contact force from 
disk strain, and (b) to model the disk array as a nonlinear spring-mass system in subsequent 
simulations. Therefore, before conducting the 1D and 2D drop tower experiments, the plastic 
force-displacement relation was investigated by placing two half-disks in an MTS load machine. 
Disks were placed into an MTS load machine and loaded quasi-statically at 0.01 mm/sec. Since 
aluminum 6061 T6 is rate independent in the applied loading range (see Figure 2.1), the results 
will apply to the dynamic tests. However, since plastic deformation occurs, it is also desirable to 
capture the unloading curve which will depend on the peak load achieved. 
 To obtain the force-displacement curve, two half disks were placed in the load frame as 
shown in Figure 2.15. A close up of the contact is shown in Figure 3.1.  
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Figure 3.1. Two half-disks in load machine. 
 
The disks were then loaded to a specified peak load and subsequently unloaded to a minimum 
load of 100N to make sure the disks were still in contact. The disks were then reloaded to a 
higher peak load than before, and unloaded to 100 N again. In this manner, a force-displacement 
curve, including unloading paths, was obtained for a single contact point. The accuracy of the 
MTS machine far-field displacement measurements, which may be affected by machine 
compliance, was verified using DIC on the speckled particles (Figure 3.1) and measuring the 
displacement along the top row and subtracting from that the displacement along the bottom row, 
as illustrated in Figure 2.17. Examples of resulting force-displacement curves are shown in 
Figure 3.2 (a) and (b) for two values of peak load, 4 kN and 10kN, respectively. As a point of 
reference typical peak loads encountered in the dynamic experiments will be seen to range from 
0.5 kN to 9 kN, depending on the loading conditions. 
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(a) 
 
(b) 
Figure 3.2. Loading and unloading curves for two aluminum half-disks (a) to 4 kN (b) 
to 10 kN 
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3.1.2 Strain to Force Conversion  
As explained in Section 2.2, strain gages were placed on selected disks. A calibration 
method was needed to convert the strain obtained from the strain gage into the axial compression 
force that the disk experienced. Residual plastic strain, which was measured using DIC (subset 
size: 19x19 pixels; step size: 1 pixel) performed on loaded samples as described in Section 2.4.3, 
illustrated the extent of the plastic region within the disk which is shown by the non-purple 
regions in Figure 3.3 which is a contour plot of DIC-measured equivalent strain. Figure 3.3 also 
shows in yellow the active grid and boundaries of the strain gages placed on disks. The plastic 
region starts encroaching on the strain gage grid at 8 kN. Therefore for the majority of our 
experiments the strain gage region remains elastic, although it certainly resides in a 2D strain 
field. 
 
Figure 3.3. Plastic deformation in disks under quasi-static compression. Color contour 
represents strain ε (a) 4 kN (b) 8 kN. 
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The DIC-measured vertical strain obtained from single disk compression experiments was then 
averaged over the grid region of the strain gage, and both strain gage reading and average DIC 
reading were correlated with the force of the quasi-static machine. In this way the strain-force 
conversion chart below was created. Figure 3.4 demonstrates that the average strain obtained 
from DIC matches the strain obtained by a strain gage with very good accuracy up to 7 kN. 
 
 
Figure 3.4. Comparison of strain from DIC and strain from strain gages.  
 
Figure 3.5 shows the strain obtained from DIC in the grid region compared to the force 
recorded by the MTS machine. There are three distinct regions of the curve that are fit. These fits 
are given in Eqs. (3.1)-(3.3), where F denotes force in kN, and ε denotes strain. 
  = 2769.5, >?@	 ≤ 0.002174 (3.1) 
  = 2498.2 + 0.0587, >?@	0.002174 <  < 0.002451 (3.2) 
  = 2.3767 ∗ ln(+ + 21, >?@	 ≥ 0.002451 (3.3) 
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Figure 3.5. Calibration curve to obtain force from vertical strain. 
 
Note however, that there is a limitation in this calibration process in that it accounts for 
loading only. Since the strain gage is placed in a region that remains elastic, it can be argued that 
the calibration process used can capture unloading, and it will be used in this way throughout the 
rest of this work. However, unless a model incorporating the peak load as an internal variable is 
obtained (Pal et al., 2013), unloading measurements will be less reliable. 
 
3.2 One-Dimensional Disk Chains 
 
Several 1D experiments were conducted as described in Section 2.3. Figure 3.6 illustrates 
a typical 1D array. Forces were obtained from the strain gages on the indicated disks and wave 
speeds were calculated from the arrival times of the signal at the gages and PVDF sensors. 
Figure 3.7 shows a typical signal from such an experiment, where the signals have been 
manually offset in the vertical direction for easier inspection. Note that the signals are 
approximately 2 ms in length. The force signals lend themselves to two forms of analysis – the 
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aggregate force and the incident force. The aggregate force is the maximum force experienced by 
a disk and is affected by numerous stress wave reflections from the sides and bottom of the load 
frame. The incident force, circled in Figure 3.7a and shown enlarged in Figure 3.7b, has a shorter 
duration (less than 0.5 ms) and is present in most tests. It is believed that this wave is the initial 
pulse to travel through the disk. 
 
 
Figure 3.6. Typical experimental setup for 1D chains.  
 
 
Figure 3.7. Typical strain gage signals (signals have been manually offset) (a) Complete 
signal. (b) Close-up of encircled region – shows incident pulse. 
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In the 1D experiments, all disk chains were loaded plastically with a loading height of 
0.457 mm and a drop mass of 3.87 kg were used. Tables 3.1 and 3.2 show the range of wave 
speeds associated with an interval (note that the nomenclature is such that “D1” indicates the 
first disk in the chain, thus, for example, D1 to D4 indicates the wave speed between the first and 
fourth disks in the chain). Table 3.1 and Table 3.2 represent individual experiments with new 
disks and the results are from the first impact on the array. 
Table 3.1. Wave speeds by experiment. 
Exp. # 
  Wave Speed (m/s) 
  Interval: D1 to D4 D4 to D7 D7 to End  
1 
  4760 920 780  
  Interval: Inc to D4 D4 to D5 D5 to D6 D6 to end 
2 
  1410 200 370 n/a 
3 
  2190 2490 280 535 
  Interval: Inc to D3 D3 to D5 D5 to end 
4 
  1580 1510 1390 
  Interval: D1 to D5  
5 
  1250  
 
 
Figure 3.8. Wave speeds of disks in a 1D array with the same loading condition. 
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Table 3.2. Incident and aggregate forces in 1D experiment with same loading 
experiment. 
 
Incident Force (kN) Aggregate Force (kN) 
Exp 
# Disk1 Disk4 Disk5 Disk6 Disk7 Disk  Disk4 Disk5 Disk6 Disk7 
1 1.203 1.345 
  
1.006 7.087 saturated 
  
6.75 
2 
 
0.566 0.6094 0.693 
  
sat. sat. sat. 
 
3 
 
0.566 0.4981 1.042 
  
8.363 8.637 6.798 
 5 0.637 
 
0.708 
  
1.4153 
 
1.274 
  
 
Figure 3.9. (a) Incident force at individual disks (b) Aggregate force at individual disks 
for 1D experiments 
 
From Figures 3.8 and 3.9, it is apparent that there is not an obvious correlation between 
disk location and wave speed, incident force, or aggregate force. This may be due to several 
reasons. As shown in Shukla et al. (1993), a long loading pulse relative to the length of a disk 
array may result in forces increasing in the beginning of the chain, before decreasing. 
Furthermore, reflections may have interfered with the signal since due to the short length of the 
chain. Additionally, the forces may not provide reliable data in a short chain due to the early 
occurrence of reflections. 
In addition to primary impact hits, secondary impacts were done in Experiments 2-5 to 
see if the forces or wave speed changed in a pre-yielded system. In these experiments the 
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already-loaded chains were repositioned in the 1D arrangement with the original contact points 
again being in contact, and were then reloaded. In most cases the disk strain gages were still 
active and provided a second set of measurements. Results from these second-hit experiments are 
tabulated in Table 3.3 and Table 3.4 and are illustrated in Figures 3.10-3.12. 
Table 3.3. 1D Wave speeds in a previously impacted array. 
Exp. # 
  Wave speed (m/s) 
  Interval: D1 to D4 D4 to D7 D7 to End 
1 
  1380 3850 1080 
  Interval: Inc to D4 D4 to D5 D5 to D6 
2 
  1580 1880 2670 
3 
  1670 2080 2760 
  Interval: Inc to D3 D3 to D5 D5 to end 
4 
  1630 1100 n/a 
 
 
Figure 3.10. Comparison of 1st impact wave speed to second impact wave speed for 
identical loading conditions. 
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Table 3.4. Incident and aggregate forces associated with a second impact on a 1D array 
of disks. 
 
Incident Force (kN) Aggregate Force (kN) 
Exp. 
# Disk1 Disk4 Disk5 Disk6 Disk7 Disk 1 Disk4 Disk5 Disk6 Disk7 
1 1.13 0.53 
  
0.94 7.087 sat. 
  
6.75 
2 
 
2.49 1.09 0.63 
  
sat. sat. sat. 
 
3 
 
0.88 0.39 0.5 
  
8.363 8.637 6.798 
 
 
 
Figure 3.11. Comparison of incident forces between impacts. 
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Figure 3.12 Comparison of aggregate force between impacts. 
 
While there is again no direct one-to-one correlation among aggregate force and speed, it is 
generally observed that the wave speed and incident force increases with multiple impacts. A 
higher incident force is expected since a previously-yielded contact area will allow more force to 
transfer through the disks. Similarly, the wave speeds will be higher due to the higher forces 
(Wang et al., 2012b). 
 High resolution ex situ measurements were taken to observe how the yield area evolved 
with contact point. A typical DIC measurement of residual plastic von Mises strain at a contact 
point is shown in Figure 3.13, where the non-purple region is the yielded region. Figure 3.14 
shows the strain at multiple contact points along a 1D chain that is 10 disks long. 
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Figure 3.13. Strain contours at a contact point in 1D experiment. 
 
Figure 3.14. Residual strain at contact points along 1D chain. Orange disks indicate 
which each picture corresponds to (for instance the top left picture is the lower half of disk 
1). Color contour indicates von Mises strain. 
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Figure 3.15. Yielded area at contact region. Data points to the left of a disk indicate the 
top of the disk, while a data point to the right of a disk indicates the bottom of the disk. 
 
 
Figure 3.15 shows that, after the first disk, the yielded area decreases as distance from the 
impact increases. The greatest yield area is seen at disks 2 and 3. 
 
3.3 Two-Dimensional Disk Arrays 
 
Experiments were also conducted on 2D arrays, namely rectangular and hexagonal setups. 
Two-dimensional arrays introduce significantly more randomness into the system than 1D chains 
(Goddard, 1990), since each disk has a tolerance of -12.7 µm, according to the disk manufacturer. 
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3.3.1 Rectangular Array 
Drop tower impacts on configurations similar to Figure 3.16 were conducted. The strain 
gages were primarily placed along the center disk column since it was observed that very low 
forces occurred in different columns – as expected from 2D disk experiments (Shukla and 
Damania, 1987), as well as 2D spherical bead experiments (Leonard et al., 2011). The data is 
presented in a format similar to Section 3.2 in that the wave speeds and forces are presented in 
Table 3.5 and Table 3.6, respectively. The data is illustrated graphically in Figure 3.18 and 
Figure 3.19. Figure 3.17a shows configurations where the strain gages were placed away from 
the center column, while Figure 3.17b shows the forces at those locations. The off-center 
experiments are not tabulated in Table 3.5 or 3.6. 
 
Figure 3.16. Typical rectangular array setup. 
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Figure 3.17. Off-axis results. 
 
Table 3.5. Loading conditions along central column in a rectangular array. 
Exp. 
# 
Mass 
(kg) 
Drop 
Height 
(m) 
Estimated 
Energy 
(J)  
Wave speed (m/s) 
    
Interval D2 to D5 D5 to D7 D7 to end 
1 1.01 0.082 0.81 
 
1002 692 
 
2 1.01 0.082 0.81 
 
1073 1023 1016 
3 1.01 0.082 0.81 
 
1248 1005 995 
4 1.01 0.082 0.81 
 
703 1089 1261 
5 1.01 0.082 0.81 
 
953 560 490 
    
Interval D1 to D3 D3 to D5 D5 to end 
6 1.01 0.198 1.96 
 
1210 1270 964 
     
D5 to 
D7 
D7 to 
end  
7 1.01 0.25 2.48 
 
958.491 457.767 
 
    
Interval D2 to D5 D5 to D7 D7 to end 
8 1.01 0.165 1.63 
 
828 705 892 
    
Interval D1 to D3 D3 to D5 D5 to end 
9 3.87 0.457 17.35 
 
1693 1693 1290 
10 2.31 0.457 10.36 
 
1588 1337 1280 
    
Interval D2 to D3 D3 to D5 D5 to end 
11 1.01 0.457 4.53 
 
1465 
 
1023 
12 3.87 0.457 17.35 
 
2721 1814 
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Figure 3.18. Wave speeds between indicated disks. Refer to Table 3.5 for loading 
conditions of each experiment. 
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Table 3.6. Values of Forces for Each Experiment in Rectangular Array. 
Exp. 
# Incident Force (kN)  Aggregate Force (kN) 
 
Disk 2 Disk 5 Disk 7 
 
Disk 2 Disk 5 Disk 7 
1 0.283 0.2264 0.255 
 
0.7075 0.792 0.892 
2 0.336 0.3537 0.219 
 
0.7429 0.672 0.573 
3 0.2635 0.2193 0.265 
 
1.264 1.942 0.92 
4 0.2016 0.1839 0.407 
 
1.369 1.423 0.831 
5 0.6438 0.508 0.442 
 
2.237 1.67 1.681 
 
Disk 1 Disk 3 Disk 5 
 
Disk 1 Disk 3 Disk 5 
6 indistinct indistinct indistinct 
 
0.7075 0.991 0.815 
  
Disk 5 Disk 7 
  
Disk 5 Disk 7 
7 
 
0.3849 0.389 
  
2.12 1.557 
 
Disk 2 Disk 5 Disk 7 
 
Disk 2 Disk 5 Disk 7 
8 0.1415 0.1415 0.283 
 
0.283 0.3891 0.672 
 
Disk 1 Disk 3 Disk 5 
 
Disk 1 Disk 3 Disk 5 
9 1.332 1.507 0.935 
 
4.786 3.534 2.606 
10 indistinct indistinct 0.948 
 
2.769 3.173 2.719 
 
Disk 2 Disk 5 Disk 7 
 
Disk 2 Disk 5 Disk 7 
11 0.8845 no signal 1.189 
 
1.805 no signal 2.393 
12 1.061 1.061 0.962 
 
3.01 2.65 3.159 
 
 
Figure 3.19. (a) Incident force by disk location. Refer to table for loading conditions for 
each experiment. (b) Aggregate force by disk number. 
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Some features are apparent from the above figures. First, the wave speed, incident force, and 
aggregate force all increase with increasing input energy. Next, in most of the experiments 
(about two-thirds), the fastest wave speed occurs within the first interval, i.e., the between the 
strain gage closest to the impact and the next strain gage. In the experiments that observe the first 
interval as the fastest, the second interval is the second fastest. Thus, the wave speed is 
decreasing as distance from the impact increases. However, there is also variability in the 
remaining experiments. The variability may be due to randomness within the 2D structure. Also, 
as in the case of 1D arrays, the long loading pulse and short chain length may contribute to a 
non-monotonic relation among wave speeds and peak force. 
 The incident and aggregate forces demonstrate less of a relationship with location. 
Overall, experiment numbers 1-5 show that there is not much scatter in the forces, which may be 
due to a near-elastic load being applied to the system. Experiments with higher input energies 
demonstrate a greater scatter in the force data. The 2D experiments with comparable input 
loading to the 1D experiments result in less of a peak force because of wave dimensionality, i.e. 
the spherical nature of the wave front and the presence of more numerous contacts where 
yielding occurs. 
 As in the 1D case, the 2D arrays were again subjected to multiple impacts after 
repositioning to see what the effect of pre-yielded contact areas would be. Figure 3.20 shows that 
there is not a consistent relationship with impact number and wave speed. This is contrary to the 
1D case, which indicates that the increased randomness from the yielded areas may contribute 
even more to the system randomness. This inconsistent trend also applies to the incident and 
aggregate forces, as seen in Figure 3.21 and Figure 3.22, respectively.   
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Figure 3.20. Influence of repeated impacts on wave speed in a rectangular array. 
 
 
Figure 3.21. Influence of repeated impacts on incident force. 
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Figure 3.22 Influence of repeated impacts on aggregate force. 
 
In addition to the strain gage analysis, displacement vectors were obtained using DIC 
coupled with high speed photography (as described in section 2.4.2) from some of the 
experiments. A typical vector plot for a 2D array is shown in Figure 3.23. This plot shows that 
the pulse reaches the end of the chain in 60 µs, which confirms that most of the stain gage 
signals over the time periods recorded here contain numerous wave reflections. It is also seen in 
Figure 3.23 that most of the displacement occurs parallel to the loading, again as expected form 
results of elastic disks (Shukla and Damania, 1987) and plastic spheres (Wang et al., 2012b). 
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Figure 3.23. Displacement vectors of disks in a rectangular packing. 
 
3.3.2 Hexagonal Array 
 A hexagonal array, as shown in Figure 3.24, was also constructed to observe how a wave 
would evolve in an array that had more lateral coupling. The loading conditions and wave speeds 
are listed in Table 3.7, while the forces are tabulated in Table 3.8. The wave speed and forces are 
plotted in Figure 3.25 and Figure 3.26 , respectively. The disk numbers are designated along the 
chain that is oriented 60 degrees from the loading direction. As such, D1, represents the first disk 
along the 60 degree chain and is represented by the Ch. 1 gage in Figure 3.24.  
59 
 
 Generally, the wave speeds, incident, and aggregate forces all increase with increasing 
load. In experiment 2, the similar wave speeds indicate that the system remains elastic. 
Experiments 3 and 4 show that the first interval experiences the largest wave speed. The wave 
speed then drops to similar values in the second and third intervals. Thus plasticity generated 
may be contained to the first two to three disks along the inspected chain. The aggregate force 
monotonically decreases as the distance from impact increases.   
 
Figure 3.24. Typical hexagonal array. 
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Table 3.7. Loading conditions and wave speeds in a hexagonal array. 
Experiment 
# 
Mass 
(kg) 
Drop 
Height (m) 
Estimated 
Energy 
(J)  
Wave speed (m/s) 
 
   
Interval D1 to D3 D3 to D5 D5 to end 
1 1.01 0.082 0.8 
  
3175 
 
2 1.01 0.082 0.8 
 
1150 1100 1180 
3 2.31 0.457 10.4 
 
1410 1210 1250 
4 3.87 0.457 17.3 
 
1590 1340 1260 
 
 
Figure 3.25. Wave speeds between indicated intervals in a hexagonal array. 
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Table 3.8. Incident and aggregate force in a hexagonal array at indicated disks. 
Exp. # Incident Force (kN) Aggregate Force (kN) 
 
Disk 1 Disk 3 Disk 5 Disk 1 Disk 3 Disk 5 
1 
 
0.31 0.35 
 
1.06 1.13 
2 0.45 0.49 0.78 2.29 1.52 1.38 
3 1.53 1.37 0.74 3.62 2.46 1.69 
4 0.90 1.54 1.68 4.41 4.17 2.99 
 
 
Figure 3.26. (a) Incident and (b) aggregate force in a hexagonal array at indicated disks. 
 
 Two other strain gage configurations were used and are shown in Figure 3.27a and Figure 
3.27b, with the corresponding force profiles shown in Figure 3.28a and Figure 3.28b, 
respectively.  The loading conditions were identical to experiments 1 and 2 in Table 3.7. There is 
no observable force along the topmost row, as shown by gage 1 in Figure 3.26a. In fact, most of 
the force is seen to travel along the disk chain oriented 60 degrees from the loading direction that 
was analyzed above.  
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Figure 3.27. Additional strain gage configurations within the hexagonal array. 
 
 
Figure 3.28. (a) Force profile from the configuration in Figure 3.27(a). (b) Force profile 
from the configuration in Figure 3.27(b). 
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Chapter 4 : Split Hopkinson Pressure Bar Experiments 
 
In the case of the drop tower experiments, the long loading pulse implies that the 
numerous reflections along the chain which produce an aggregate response over long times make 
the device unsuitable for studying the primary pulse passage from the impact event itself.  Thus, 
a suitable holder was incorporated into a SHPB setup to analyze a chain of disks under a much 
shorter loading period impact. The goal was to determine if the primary pulse would propagate in 
the disk array with steady amplitude attenuation and minimal waveform change, which was the 
case for short loading pulses in the elastic disk experiments of Shukla et al. (1993), or whether 
significant plasticity at the contact points would mitigate this effect. 
As discussed in Section 2.3, two setups were employed (Figure 4.1) using three primary 
investigative tools. The first was the SHPB itself, which provided the incident force into and 
transmitted force from the chain of disks.  
 
 
Figure 4.1. SHPB setups (a) Strain gages with PVDF (b) Only PVDF. 
 
Typical incident and transmitted signals are shown in Figure 4.2. The second investigative tool 
was strain gages on disks, which provided force and wave speed information. The strain gages 
were placed on the fourth, fifth, and sixth disks to allow the wave time to develop. Typical strain 
gage profiles recorded are shown in Figure 4.3. Figure 4.3a shows the entire load event, 
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including reflections from the chain end, which was about 200 µs long. The encircled part in 
Figure 4.3a is magnified in Figure 4.3b and shows the primary pulse, i.e. the force before 
reflections occur. The primary pulse had a wavelength of 25-30 µs (about 4 disks); however, due 
to the short length of the chain (7 disks long), reflection waves from the end of the chain are seen 
to interfere with the incident pulses in each of the disks, as seen in Figure 4.3b. Nonetheless, 
contrary to the drop tower case, there is consistently an easily detectable primary pulse evident in 
these waves. Finally, as in the drop tower case, PVDF gages were used to obtain additional wave 
speed information.  
 
 
Figure 4.2. (a) Voltage from SHPB experiment (b) Voltage converted to force. The 
difference between the input and transmitted force was dissipated in the disk chain. 
 
 
 
65 
 
 
 
Figure 4.3. Strain gage data from a seven-disk-long chain loaded at 17 kN (a) Entire 
signal including reflections. (b) Primary pulse 
 
  Table 4.1 characterizes each experiment by input force and then lists the corresponding 
wave speeds between the specified intervals and the peak forces on the specified disks. Note that 
some information is not available because of a sensor not triggering or a noisy signal. The table 
also contains data for second hit events (discussed later).    
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Table 4.1. Experimental parameters and results for SHPB experiments. 
 
 
Figure 4.4 shows the wave speed by experiment number. In seven out of eight applicable 
experiments, the wave speed monotonically decreased as the distance from impact increased. 
The consistent monotonic decrease is in contrast with the drop tower data, and may be due to the 
short loading pulse of the SHPB. In these experiments the wave speed decreased due to plastic 
dissipation. As expected, and as in the case of the drop tower experiments, Figure 4.5 and Figure 
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4.6 show that the wave speed increased with multiple impacts. Particularly, Experiment 12 in 
Figure 4.6 indicates that the wave speed may asymptotically approach a constant value with 
repeated impacts. As the system was repeatedly impacted, the contact points ceased to plastically 
deform, so the loading is elastic and thus the wave speed remained constant.   
 
 
Figure 4.4. Wave speed by experiment number. 
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Figure 4.5. Wave speed by impact number for PVDF experiments 
 
 
Figure 4.6. Wave speed by impact number for strain gage experiments. 
 
Figure 4.7 shows the peak force at each disk in each experiment. In Experiments 11-13, 
the fourth disk experiences the greatest force, while the sixth disk has the lowest force. The 
monotonic decrease would be due to plastic dissipation as the wave is attenuated by yielding 
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contact points. Experiment 10 has very similar force readings, which may be due to an elastic 
load, such that no dissipation occurs over disks 4, 5, and 6. Experiment 9 shows that the force is 
highest at disk 6 and lowest and disk 4. The increasing force is unexpected, especially since the 
wave speed is shown to decrease over the same interval. 
 
 
Figure 4.7. Force at each disk by experiment number 
 
Figure 4.8 illustrates the measured force at each location. With the exception of 
Experiment 10, the higher the input force, the higher the force experienced at the instrumented 
disks. The fact that the output force is higher than the forces in the disks may be due to reflection 
at the end of disk 7, which would double the force in an ideal one-dimensional set-up. 
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Figure 4.8. Force by location in SHPB experiments. 
 
Figure 4.9 demonstrates the effect of multiple impacts on the forces in each disk. 
Generally, the forces increased with multiple impacts due to the decreased dissipation at the 
contacts. Experiment 12 shows that after a few impacts the forces became constant, which 
indicated an elastic load.  
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4.9. Effect of multiple impacts on force in SHPB experiments. 
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Chapter 5 : Conclusions and Future Work 
 
An Instron mini-drop weight tower and an SHPB apparatus were used to dynamically 
load disk arrays plastically in order to study wave propagation in such arrays. Both 1D and 2D 
arrays of rate-insensitive aluminum 6061 T6 disks were tested.  
The drop tower demonstrated that a long-loading pulse on a short chain complicated the 
analyses by permitting forces and wave speeds further from the impact to be higher than forces 
and wave speeds found closer to the impact area. Generally, for the same load in the drop tower, 
the 1D array experienced slightly higher, but comparable, wave speeds to the rectangular array. 
Both the 1D array and the rectangular array observed higher wave speeds than the hexagonal 
array. Also, it was observed that multiple impacts generally resulted in faster wave speeds and 
higher forces.  
The SHPB offered clearer results in that the wave speed and force were found to 
monotonically decrease in nearly all of the experiments. Furthermore, after repeated impacts, the 
wave speed and force would approach a constant value which was indicative of an elastic load 
due to no further yielding at the contact points.  
The initial construction of the drop tower load frame was limited by the space available 
in the drop tower’s base, which, in turn, limited the height of the disk array. The short disk array 
proved problematic as reflections interfered with the wave formation and prevented a clear 
analysis. Furthermore, the long loading time of the drop tower likely required the disk chain to 
be twice as large to inspect wave formation or dispersion of the wave. The problems associated 
with long loading times were mitigated by placing the disk array into the SHPB setup. In the 
SHPB setup, the incident peaks were all clearly visible, although noticeably truncated by 
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reflected waves. Thus, a long chain would also need to be employed to avoid complications due 
to reflections.  
In terms of future research, the experimental setups would have to be modified to allow 
for more complete analysis of the data. Specifically, longer chains would have to be utilized 
through the use of smaller disks or through a modified load frame. Once these modifications are 
accomplished, intruders offer an interesting direction of study due to the increased lateral 
coupling between disks. Furthermore, Leonard and Daraio (2012) have shown in 2D elastic 
experiments that the wave propagation is highly dependent on the relation between elastic 
moduli of the intruder and disk medium (aluminum in this case). Figure 5.1 shows such a setup 
has already been assembled with Teflon intruders. 
 
Figure 5.1. Rectangular array with Teflon intruders. 
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Appendix: PVDF Calibration 
 
An attempt to calibrate the PVDF sensors for force measurement was made using the 
SHPB (see Section 2.3 for details on the SHPB). Unfortunately the results were inconclusive and 
in the present work the PVDF gages were used only to provide timing information and not a 
force measurement. However, there is interest in extending this to a force measurement. 
Therefore in this section the calibration procedures used here are described. 
A half-disk or a hemi-sphere was placed next to a PVDF sensor between the incident and 
transmitted bar as shown in Figure A.1. Since the PVDF functions by emitting a charge when 
compressed, it is critical that the cross-sectional area in contact with the sensor remains constant, 
thus a half-disk or hemi-sphere, each possessing a flat surface, were used. Furthermore, in the 
following experiments, if a whole disk or bead were used, it would puncture the PVDF sensor 
due to the stress concentration at the contact.  
 
 
Figure A.1. Experimental Setup for Calibration Procedure 
 
After the sample was loaded, the voltage output from the PVDF sensor was compared with 
the known transmitted force from the SHPB as shown in Figure A.2. The transmitted force was 
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divided by the PVDF voltage and averaged to obtain a calibration constant. This process was 
repeated for two separate sensors and for several cross-sectional areas. The results are tabulated 
in Table A.1 and plotted in Figure A.3and show that the calibration constant depends on the 
sensor, i.e., a calibration would have to be done every time a new sensor is used. Additionally, 
the scatter for each cross-sectional area was deemed too large to accurately calibrate the PVDF 
sensor for force. 
A low-force calibration was attempted using a ball drop experiment, whereby a ball was 
dropped down a plastic tube and impacted a half-disk or hemi-sphere resting on a PVDF sensor. 
The PVDF voltage was then compared to the force obtained by a conservation of energy 
calculation. The results demonstrated greater variability than the SHPB results. Thus, it was not 
possible to determine if the calibration constant remained linear over large force ranges. 
 
Figure A.2. Typical Signal of Transmitted Force and PVDF Voltage 
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Table A.1. Calibration Values for Various Contact Areas for Two Sensors (A & B) 
 
 
Figure A.3 Calibration Values of (a) Sensor A and (b) Sensor B 
 
